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1. (15%) Let X be an n x k matrix with rank(X) = k. Define P = X(XTX)7* X7, where X7
denotes the transpose of X. Answer the following questions:

{(a) (5%) Is P an idempotent matrix?
(b) (5%) Find the rank of P.
{c) (5%) Find all possible eigenvalues of P.

2. (15%) Let
0
A= -1 3 1
1 2

(a) (5%) Show that A is positive definite.
(b) (10%) Find a matrix AY? such that AY2AY2 = A,

3. (10%) Let A be a symmetric matrix of order nn % n. Show that
2T Ax

xTx

< A

for any nonzero vector x, where Aggy and Ay, denote the smallest and largest eigenvalues of
A, respectively.

Ay <

4. {10%) Let T': R,, — R, be represented by an n x m matrix of rank p.
(a) (5%) Show that dim[T(R,)] = p.
(b) (5%) Show that if n < m and p =n, then T' is one-to-one.

5. (10%) Find the area of the largest rectangle that can be inscribed in a semicircle of radius 2.

6. (12%) Find the 4th degree Taylor polynomials centered at 0 for the functions f;(z) = cos z,
falz) = In(1 + z) and f3(z) = sinhz, respectively.

7. (28%) Evaluate the following:
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