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1. Let {X,,n>1} and {Y,,n>1} be sequences of random variablesand X and Y be random
variables. Please indicate whether the following statements are true or false. If a statement is
false, explain why.  (30%)

(@ If X, — X inprobabilityand Y, —Y inprobability, then X +Y, - X +Y in
probability.

(b) If X, — X indistributionand Y, —Y indistribution, then X +Y, - X +Y in
distribution.

(c) If E|X,-X|>0 as n—o,then X, — X in probability.

(d) If X, — X inprobability,then E| X, - X|>0 as n— 0.

(e) If X, — X almostsurely, then X, — X in probability.

() If X, — X inprobability,then X 6 — X almost surely.

2. Asequence of random variables {X,,n>1} is called uniformly integrable if for every ¢>0,
there correspondsa ¢ >0 such that

supJ'A| X, ldP <&,

nx1
whenever P(A) < ¢, and, in addition,

SUpE | X, |< .

nx1

Show that if {X,,n>1} isuniformly integrable, then {S,/n,n>1} is also uniformly

integrable, where S =>"" X,.  (20%)
3. Let X and Y berandom variablesand {X, ,n>1} be asequence of random variables.

| X|
X)=E ———|.
p(X) (1+|X|
Show that

@ p(X+Y)<p(X)+p(Y), (5%)
(b) p(oX)<max{| o |L}p(X),where o isareal number, (5%)

Define

() limp(X,-X)=0 ifandonlyif X, — X inprobability. (15%)
4. Let X,,X,,---be independent identically distributed random variables with mean 0O, variance

1,and EX. <oo. Find the limiting distribution of

\/ﬁxlxz + XX, + 4+ Xy 4 Xy, .

7 =
! X+ X2+ e X2

(25%)
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