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1. If P(A)>0, P(B)>0,and P(A)<P(A|B),showthat P(B)<P(B|A). (8%)

2. Find E[Y(Y —1)] for a geometric random variable Y with the following density function
p(y):qy_lp: y:1:2137"‘, 0< p£11 q=1_p1

2 0
by finding j—z[ qyJ. Use this result to find the variance of Y.  (10%)
g \ya

y

3. The joint density function of Y, and Y, isgiven by

30y, y?, —1<y,<1-vy,0<y, <1,
f (yl1 y2) — y1y2 yl y2 yl yl
0, elsewhere.

(a) Find the marginal density of ;.

(b) Derive the marginal density of Y, .

(c) Derive the conditional density of Y, given Y, =vy,.
(d) Find P(Y, >0]Y, =0.75). (10%)

4. Let X,X,,X,--- beidentically distributed random variables. The joint distribution of
(X,,X) beas followings:

X, 0 1
X
0 1/2 1/2
1 1/2 0 1/2
1/2 1/2 1

for each n. Do the sequence of random variables X, X, --- converge in probability to X ?
(10%)

5. Let X and Y denote the interest rates that will be paid on one-year certificates of deposit that
are issued on the first day of next year (year 1) and the following year (year 2), respectively. The
bivariate probability distribution of X and Y follow:

Year 2 (Y)
Year1(X) 9 10 11
9 0.1 0.1 0
10 0.1 0.3 0.2
11 0 0.1 0.1
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Which of the following statement is false?

(@ P(X<Y)=0.3.

(b) The interest rate is expected to be higher in year 2 than in year 1.

(c) There is more uncertainty about the interest rate in year 2 than in year 1.

(d) An investment fund plans to buy $10 million of the one-year CD issued on the first day of
year 1 and to reinvest this amount and the earned interest in the CD issued in year 2. Assume
that interest on CD is paid at the end of the year they are issued. Then the expected value of
this investment, including earned interest, at the end of year 2, is $12.11 million.

(e) Suppose Z =max(X,Y) than Z must necessarily have a larger expected value than either

X or Y. (20%)

6. Let Y,,Y,,---Y, denote a random sample of size n from a population whose density is given
by

f(y):{w y*' B<y

0, elsewhere
where £ >0 isunknown. Consider the estimator ,@ =min(Y,,Y,,--,Y,).
(a) Derive the bias of the estimator ,B

(b) Derive MSE(f). (10%)

7. Let Y,Y,,---,Y, Dbearandom sample from a population with density function

3y2

A < <
f(y|o)= 93’ O<y<6

0, elsewhere

(@) Show that Y, =max(Y,,Y,,---,Y,) issufficient for 6.

(b) Show that Y, has probability density function

3ny3n—l
= <y<
f(y10)=1 g+ 0=Y=¢
0, elsewhere.
(c) Find the UMVUE of 6. (10%)
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8. A certain type of electronic component has a lifetime Y (in hours) with probability density
function given by

1 -yl
f(y|6)= (?jye - ¥>0
0, otherwise.

Thatis, Y hasagamma distribution with parameters « =2 and 4. Let 6 denote the
maximum likelihood estimator of &. Suppose that three such components, tested independently,
had life times of 120, 130, and 128 h.

(@) Find the maximum likelihood estimate of 4.

(b) Find E(8) and V(9).

(c) Suppose that & actually equals 130. Given an approximate bound that you might expect for
the error of estimation.
(d) What is the MLE for the variance of Y ?  (12%)

9. Suppose that Y,,Y,,---,Y, denotes a random sample from the probability density function
given by

1 y-0,
— |exp(— , o
f(y16,,0,) = (9] =g ¥>0
0, elsewhere.

Find the likelihood ratio test for testing H,:6, =6,, versus H_ :6, >0, ,, with 6, unknown.

(10%)
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